Material damping treatments, such as adding viscoelastic layers (VEL) to engineered structures, are commonly used for vibration attenuation. Study of the VEL geometry, shape, location (in case of partially adding), and arrangement (in composites), are of engineering interest to optimize the damping effect versus the weight and cost. In order to show the possibility of higher damping characteristics for shorter VEL, this paper aims for a two-step vibration analysis of an elastic cantilever beam with an unconstrained partial VEL. The governing equations are developed based on Euler-Bernoulli beam theory and Kelvin-Voigt viscoelastic model. In order to answer how the VEL length and thickness affect the modal parameters and dynamic response, both free and forced vibration problems are solved analytically, and the results are manipulated to achieve a much more applicable size range with higher damping characteristic. A non-uniform trend and inconsistent behaviour in both frequency and amplitude changes is observed versus increasing the VEL length, which addresses the necessity of an optimization challenge and gives a good insight to take into account the concept of VEL critical length.
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INTRODUCTION
Material damping is one of the most inexpensive, achievable, safe, and efficient ways to mitigate the vibration of structures, especially in aircrafts, rotating machines, vehicles, and so on. Seeking the modal parameters, i.e., natural frequency, mode shape, and damping ratio, is reckoned as a main analysing object and priority issue to assess the structural properties. On the other hand, a study on the dynamic response for various types of excitation such as transient, harmonic, and random plays a significant role to deal with real case of loadings, so that can be deemed as an essential step and mandatory procedure of structural design. In recent years, utilizing VEL (e.g., glass type composites, polyurethane foams, polymers, rubbers, etc.) on account of dissipating abilities are widespread to access the vibration attenuation and absorbing the impact loads. At first glance, the principal mission aims to reduce acoustic noise in walls, dissipation in massive structures, such as towers accompanied by some friction and hysteresis effects, or foundation of rotary machines.
1 Viscoelastic (VE) materials, similar to the discrete viscous dampers, have an inherent dissipation factor which can implicitly change by time, temperature, and elastic properties.
2, 3 Based on the VE properties mentioned above, some of the laminates are basically composed of elastic and VELs to improve the strength and damping properties simultaneously. Therefore, one may take into account the optimization of the geometry and location of the VEL added to the elastic host structures. Moreover, plenty of structures which can be considered as beam structures with a
